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TOPOLOGY OF THE MILNOR FIBRATIONS OF POLAR WEIGHTED
HOMOGENEOUS POLYNOMIALS
KAZUMASA INABA
Abstract. Let P be a 2-variable polar weighted homogeneous polynomial and let Ft be a
deformation of P which is also a polar weighted homogeneous polynomial. If |Ft| is a Morse
function on the orbit space of the S1-action, then the handle decomposition obtained by this
Morse function induces a round handle decomposition of the Milnor fibration of Ft. In the
present paper, we describe a round handle decomposition of the Milnor fibration of Ft concretely
and give the number of round handles by the number of positive and negative components of
the links of singularities appearing before and after the deformation. We also give a formula of
characteristic polynomials of these singularities by using the decomposition of the monodromy
of the Milnor fibration induced by a round handle decomposition.
1. Introduction
We consider a polynomial of complex variables z = (z1, . . . , zn) which is given by
P (z, z¯) :=
m∑
i=1
ciz
νi z¯µi ,
where ci ∈ C
∗, zνi = z
νi,1
1 · · · z
νi,n
n and z¯µi = z¯
µi,1
1 · · · z¯
µi,n
n for νi = (νi,1, . . . , νi,n) and µi =
(µi,1, . . . , µi,n) respectively. Here z¯
µi represents the complex conjugate of zµi = z
µi,1
1 · · · z
µi,n
n .
We call P (z, z¯) a mixed polynomial of complex variables z = (z1, . . . , zn). A point w ∈ C
n
is called a mixed singular point of P (z, z¯) if the gradient vectors of ℜP and ℑP are linearly
dependent at w [14, 15]. Suppose that P (0, . . . , 0) = 0 and P has an isolated singularity at the
origin. There exist positive real numbers ε and δ with δ ≪ ε≪ 1 such that the map
P : D2nε ∩ P
−1(∂D2δ )→ ∂D
2
δ
is a locally trivial fibration over ∂D2δ , where D
2n
ε = {z ∈ C
n | ‖z‖ ≤ ε} and D2δ = {η ∈ C | |η| ≤
δ}. This map is called the Milnor fibration of P at the origin.
Ruas, Seade and Verjovsky [16] and Cisneros-Molina [2] introduced the following classes
of mixed polynomials. Let p1, . . . , pn and q1, . . . , qn be integers such that gcd(p1, . . . , pn) =
gcd(q1, . . . , qn) = 1. We define the S
1-action and the R∗-action on Cn as follows:
s ◦ z = (sp1z1, . . . , s
pnzn), r ◦ z = (r
q1z1, . . . , r
qnzn),
where s ∈ S1 and r ∈ R∗. A mixed polynomial P (z, z¯) is called a polar weighted homogeneous
polynomial if there exists a positive integer dp such that P (z, z¯) satisfies
P (sp1z1, . . . , s
pnzn, s¯
p1 z¯1, . . . , s¯
p1 z¯n) = s
dpP (z, z¯), s ∈ S1.
The weight vector (p1, . . . , pn) is called the polar weight and dp is called the polar degree. Similarly
P (z, z¯) is called a radial weighted homogeneous polynomial if there exists a positive integer dr
such that
P (rq1z1, . . . , r
qnzn, r
q1 z¯1, . . . , r
qn z¯n) = r
drP (z, z¯), r ∈ R∗.
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The integer dr is called the radial degree. If P is polar and radial weighted homogeneous, P
admits the global Milnor fibration P : Cn \ P−1(0) → C∗ and the monodromy of the Milnor
fibration is given by the S1-action, see for instance [16, 2, 14, 15].
We study the topology of the Milnor fibration of a mixed polynomial P by using a deformation
of P . Here a deformation of P is a polynomial map F : Cn × R → C, (z, t) 7→ Ft(z), with
F0(z) = P (z, z¯). A deformation of P is useful to study the Milnor fibration of P . For complex
isolated singularities, it is known that there exist a neighborhood U of the origin of Cn and
a deformation Ft of a complex polynomial P (z) such that Ft(z) is also a complex polynomial
and any singularity of Ft(z) in U is a Morse singularity for any 0 < t ≪ 1, see for instance
[9, Chapter 4]. A sufficiently small compact neighborhood of each Morse singularity can be
regarded as a 2n-dimensional n-handle and thus we have a decomposition
D2nε ∩ F
−1
t (D
2
δ )
∼=
(
D2nε ∩ F
−1
t (D
2
δt
)
)
∪ϕ
(
⊔ℓi=1 (n-handle)i
)
,
where ℓ is the Milnor number of the singularity of P at (0, . . . , 0), ϕ = (ϕ1, . . . ϕℓ) is the ℓ-
tuple of the attaching map ϕi of (n-handle)i and D
2
δt
is a 2-disk centered at 0 with radius δt
such that δt < δ and Ft |F−1t (D2δt )
has no singularities. Note that the framing of each handle
attaching is determined by the vanishing cycle of the corresponding Morse singularity [7]. Such
a decomposition induces a decomposition of the monodromy of the Milnor fibration into those
of the Morse singularities.
In this paper, we observe analogous deformations for mixed singularities. Let P be a 2-
variable polar and radial weighted homogeneous polynomial which has an isolated singularity at
the origin of C2 and let Ft be a deformation of P . Set Sk(Ft) = {z ∈ U | rank dFt(z) = 2− k}
for k = 1, 2. We assume that Ft satisfies the following properties:
(1) Ft is polar weighted homogeneous for any 0 ≤ t ≪ 1, which implies that, for each
0 < t ≪ 1, the singular set S1(Ft) ∪ S2(Ft) consists of the union of a finite number of
orbits of the S1-action [6, Proposition 2] and Ft(S1(Ft)) consists of circles centered at 0
except the origin;
(2) For each point w ∈ S1(Ft), there exist local coordinates (x1, x2, x3, x4) centered at w
such that Ft is given by
(Ft/|Ft|, |Ft|) =
(
x1,−x
2
2 + x
2
3 + x
2
4 + ct,w
)
,
where ct,w = |Ft(w)| for w ∈ S1(Ft) and 0 < t ≪ 1. In particular, S1(Ft) consists of
indefinite fold singularities;
(3) S2(Ft) = {o} or ∅.
In [6], we focused on the mixed singularity of f g¯, where f and g are 2-variable weighted homo-
geneous complex polynomials which have no common branches, and showed that there exists
a deformation Ft of f g¯ such that Ft satisfies the above conditions. It is important to notice
that there exist polar weighted homogeneous polynomials which do not admit deformations into
smooth maps with only Morse singularities, see [4, Theorem 1], [5, Corollary 1 and Corollary 2].
By the condition (2), the absolute value |Ft| of Ft defines a Morse function on the orbit space
(D4ε ∩ F
−1
t (D
2
δ ))/S
1 of the S1-action for t > 0 and outside the image of the origin, and the
indices of the Morse singularities are always 1. Then the handle decomposition of the orbit
space according to this Morse function induces a decomposition of D4ε ∩F
−1
t (D
2
δ ) into a tubular
neighborhood of a singular fiber over the origin and a finite number of round 1-handles, that is,
we have
(0.1) D4ε ∩ F
−1
t (D
2
δ )
∼=
(
D4ε ∩ F
−1
t (D
2
δt
)
)
∪ϕ
(
⊔ℓi=1 (round 1-handle)i
)
where ℓ is the number of the singularities of the Morse function on the orbit space outside the
origin and ϕ = (ϕ1, . . . ϕℓ) is the attaching map of ℓ copies of a round 1-handle. Here we may
assume that the images of ϕ1, . . . , ϕℓ in ∂(D
4
ε ∩ F
−1
t (D
2
δt
)) are disjoint.
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In this paper, we describe the structure of this decomposition more precisely. To state our
theorem, we introduce the notion of negative link components. Let P be a polar weighted
homogeneous polynomial. Then the link of P at the origin is a Seifert link, denoted by L(P,o).
A fiber surface of the Seifert link induces an orientation to each link component canonically.
A connected component of L(P,o) is called a positive component if the orientation of the link
component coincides with that of the S1-action, and otherwise it is called a negative component.
Let |L+(P,o)| and |L−(P,o)| denote the number of positive components of L(P,o) and the
number of negative components of L(P,o), respectively. Then the decomposition is given as
follows:
Theorem 1. Let P be a 2-variable polar and radial weighted homogeneous polynomial which has
an isolated singularity at the origin and let Ft be a deformation of P satisfying the conditions
(1), (2) and (3). Then
(i) D4ε ∩F
−1
t (D
2
δt
) is diffeomorphic to the disjoint union of a 4-ball and ℓ copies of S1×B3,
where B3 is a 3-ball, and each ϕi of the attaching map ϕ = (ϕ1, . . . , ϕℓ) maps the two
attaching regions of the i-th round 1-handle to both of the boundary of the 4-ball and
that of the i-th S1×B3, and these ℓ+1 connected components are connected by ℓ round
1-handles attached by the map ϕ; and
(ii) the number ℓ of round 1-handles in the decomposition (0.1) is given as
ℓ = |L+(P,o)| − |L+(Ft,o)| = |L
−(P,o)| − |L−(Ft,o)|
for 0 < t≪ 1.
As we mentioned, in [6], a deformation of a mixed singularity of type (f g¯,o) is given explicitly.
In that case, the number ℓ is determined by the polar degree and the radial degree of P as
ℓ =
dr−dp
2pq . From the decomposition in (0.1), we can observe that the Milnor fiber of (P,o) is
obtained from the Milnor fiber of (Ft,o) by removing 2dp disks from two connected components
of D4ε ∩F
−1
t (D
2
δt
) and gluing these boundary circles by dp annuli for each i = 1, . . . ℓ. Moreover,
we see that monodromy exchanges these ℓ copies of the union of dp annuli and 2dp disks cyclically.
This paper is organized as follows. In Section 2 we give the definitions of fold singularities
and round handles and introduce deformations of polar weighted homogeneous polynomials. In
Section 3 we prove Theorem 1. In Section 4 we make a few comments on the monodromy of the
Milnor fibration of Ft and a specific deformation of f g¯.
The author would like to thank Professor Masaharu Ishikawa for precious comments.
2. Preliminaries
2.1. Fold singularities. Let X be a n-dimensional manifold and W be a 2-dimensional mani-
fold. We denote C∞(X,W ) the set of smooth maps from X to W . It is known that the subset
of smooth maps from X to W whose singularities are only definite fold singularities, indefinite
fold singularities or cusps is open and dense in C∞(X,W ) topologized with the C∞-topology
[8]. Here a fold singularity is the singularity of the following map
(x1, . . . , xn) 7→ (x1,
n∑
j=2
±x2j ),
where (x1, . . . , xn) are coordinates of a small neighborhood of the singularity. If the coefficients
of xj for j = 2, . . . , n is either all positive or all negative, we say that x is a definite fold
singularity, otherwise it is an indefinite fold singularity.
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2.2. Deformations of polar weighted homogeneous polynomials. Let P : C2 → C be a
polar weighted homogeneous polynomial map which has an isolated singularity at the origin of
C
2. Then P admits a Milnor fibration, i.e., there exist positive real numbers ε and δ such that
the map
P : D4ε ∩ P
−1(∂D2δ )→ ∂D
2
δ
is a locally trivial fibration over ∂D2δ , whereD
4
ε = {z ∈ C
2 | ‖z‖ ≤ ε} andD2δ = {η ∈ C | |η| ≤ δ}.
We fix such positive real numbers ε and δ. Let F be the fiber surface of a polar weighted
homogeneous polynomial P . In [14, 15], the monodromy h : F → F of the Milnor fibration of
P is given by
(z1, z2) 7→
(
exp
(2pπi
dp
)
z1, exp
(2qπi
dp
)
z2
)
,
where (p, q) is the polar weight of P . Note that the link KP = ∂D
4
ε ∩P
−1(0) is an invariant set
of the S1-action. So the link KP is a Seifert link in the 3-sphere [3].
Let Ft be a deformation of P which satisfies the conditions (1), (2) and (3). Since the fiber
surface F−10 (c) intersects ∂D
4
ε transversely, F
−1
t (c) intersects ∂D
4
ε transversely for each c ∈ D
2
δ
and 0 ≤ t≪ 1. By the Ehresmann’s fibration theorem [17], the map
Ft : D
4
ε ∩ F
−1
t (∂D
2
δ )→ ∂D
2
δ
is a locally trivial fibration for 0 ≤ t ≪ 1. The polar weight of Ft coincides with that of F0 for
0 < t≪ 1. Thus the monodromy of Ft : D
4
ε ∩ F
−1
t (∂D
2
δ )→ ∂D
2
δ is given by the same S
1-action
on C2 for each 0 ≤ t≪ 1.
Lemma 1. The Milnor fibration Ft : D
4
ε ∩ F
−1
t (∂D
2
δ ) → ∂D
2
δ is isomorphic to the fibration
F0/|F0| : ∂D
4
ε \ IntN(KF0)→ S
1 for 0 ≤ t≪ 1, where N(KF0) = {z ∈ ∂D
4
ε | |F0(z)| ≤ δ}.
Proof. Since the fiber surface F−10 (c) is transversal to ∂D
4
ε , F
−1
t (c) is transversal to ∂D
4
ε for any
c ∈ D2δ and 0 ≤ t≪ 1. Fix such a positive real number t. We set
∂E(δ, ε) := {(z, t′) ∈ C2 × [0, t] | |Ft′(z)| = δ, ‖z‖ ≤ ε}
∂2E(δ, ε) := {(z, t′) ∈ C2 × [0, t] | |Ft′(z)| = δ, ‖z‖ = ε}.
Then the projection
π′ : (∂E(δ, ε), ∂2E(δ, ε)) → [0, t], (z, t′) 7→ t′
is a proper submersion. By the Ehresmann’s fibration theorem [17], π′ is a locally trivial fibration
over [0, t]. Thus the projection π′ induces a family of isomorphisms ψt′ : ∂E0(δ, ε) → ∂Et′(δ, ε)
of fibrations such that the following diagram is commutative for 0 ≤ t′ ≤ t:
∂E0(δ, ε)
ψt′−→ ∂Et′(δ, ε)yF0 yFt′
S1δ = S
1
δ
,
where ∂Et′(δ, ε) = {z ∈ C
2 | |Ft′(z)| = δ, ‖z‖ ≤ ε}. Thus the two fibrations Ft′ : D
4
ε ∩
F−1t′ (∂D
2
δ ) → ∂D
2
δ and F0 : D
4
ε ∩ F
−1
0 (∂D
2
δ ) → ∂D
2
δ are isomorphic for 0 ≤ t
′ ≤ t. By [15,
Theorem 37], the two fibrations
F0 : ∂E0(δ, ε)→ S
1
δ , F0/|F0| : S
3
ε \ IntN(KF0)→ S
1
are isomorphic for ε > 0, δ > 0 and δ ≪ ε. Thus Ft : D
4
ε ∩ F
−1
t (∂D
2
δ ) → ∂D
2
δ is isomorphic to
F0/|F0| : ∂D
4
ε \ IntN(KF0)→ S
1 for 0 ≤ t≪ 1. 
Lemma 2. The orbit space of D4ε ∩ F
−1
t (∂D
2
δ ) of the S
1-action is homeomorphic to a holed
2-sphere for 0 ≤ t≪ 1.
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Proof. The monodromy of Ft : D
4
ε ∩F
−1
t (∂D
2
δ )→ ∂D
2
δ is given by the same S
1-action on C2 for
each 0 ≤ t≪ 1. By Lemma 1, (D4ε ∩F
−1
t (∂D
2
δ ))/S
1 is homeomorphic to (∂D4ε \ IntN(KF0))/S
1.
Since the orbit space ∂D4ε/S
1 is homeomorphic to a 2-sphere and KF0 is an invariant set of
the S1-action, the orbit space (D4ε ∩ F
−1
t (∂D
2
δ ))/S
1 is a holed 2-sphere. 
2.3. Round handles. Let X and Y be n-dimensional smooth manifolds. According to [1, 11],
we say that X is obtained from Y by attaching a round k-handle if
(1) there are disk bundles over S1, Eks and E
n−k−1
u ,
(2) there exists an embedding ϕ : ∂Eks ×S1E
n−k−1
u → ∂Y such that X
∼= Y ∪φE
k
s ⊕E
n−k−1
u ,
where Eks⊕E
n−k−1
u is the Whitney sum of E
k
s and E
n−k−1
u over S
1. The bundleEks⊕E
n−k−1
u over
S1 is called an n-dimensional round k-handle and ϕ is called the attaching map of Eks ⊕E
n−k−1
u .
Note that a sufficiently small compact neighborhood of a connected component of the set of fold
singularities can be regarded as an n-dimensional round handle. In our case, a sufficiently small
compact neighborhood of each connected component of S1(Ft) is regarded as a 4-dimensional
round 1-handle.
3. Proof of Theorem 1
3.1. Round 1-handles determined by S1(Ft). By the condition (3), the origin o is an isolated
singularity of Ft. There exist positive real numbers εt and δt such that δt ≪ εt and the map
Ft : D
4
ε′t
∩ F−1t (∂D
2
δ′t
)→ ∂D2δ′t
is a locally trivial fibration over ∂D2
δ′t
, where D4
ε′t
= {z ∈ C2 | ‖z‖ ≤ ε′t} and D
2
δ′t
= {η ∈ C | |η| ≤
δ′t} for 0 < ε
′
t ≤ εt, 0 < δ
′
t ≤ δt and δ
′
t ≪ ε
′
t, see [17] . Thus F
−1
t (c) intersects ∂D
4
εt transversely
for any c ∈ D2δt and 0 ≤ t≪ 1. We assume that εt and δt satisfy the following properties:
D4εt ∩ S1(Ft) = ∅, D
2
δt
∩ Ft(S1(Ft)) = ∅.
See Figure 1. Put M0 = D
4
ε ∩ F
−1
t (D
2
δt
).
D2
δ Ft(S1(Ft))
D2
δt
Figure 1. D2δt and Ft(S1(Ft))
Fix t with 0 < t ≪ 1 and let ℓ be the number of singularities of |Ft|. Note that |Ft| is a
Morse function by the conditions (1) and (2) except the origin. Let C1, . . . , Cℓ be the connected
components of S1(Ft), where the number of the connected components of S1(Ft) is ℓ because of
the conditions (1), (2) and (3). We may assume that |Ft| satisfies
|Ft(c1)| ≤ |Ft(c2)| · · · ≤ |Ft(cℓ)|
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for ci ∈ Ci and i = 1, . . . , ℓ. Let c
′
i be the singularity of |Ft| corresponding to Ci and N
′
i be a
sufficiently small compact neighborhood of c′i for i = 1, . . . , ℓ. Since |Ft| is a Morse function, each
N ′i , i = 1, . . . , ℓ, can be regarded as a 3-dimensional 1-handle [−1, 1]×D
2
i , where D
2
i is a 2-disk.
We set M ′0 = M0/S
1 and M ′i := M
′
i−1 ∪ϕ′i N
′
i , where ϕ
′
i : {±1} ×D
2
i → ∂M
′
i−1 is the attaching
map of N ′i for i = 1, . . . , ℓ. We may assume that ϕ
′
i({±1} ×D
2
i ) ⊂ ∂M
′
0 for i = 1, . . . , ℓ. Then
the orbit space D4ε/S
1 is a topological manifold obtained from M ′0 by attaching 3-dimensional
1-handles N ′1, . . . , N
′
ℓ. Note that D
4
ε/S
1 is homeomorphic to a 3-ball.
Lemma 3. Let M∗0 be a connected component of M
′
0. Then ϕ
′
i({±1} × D
2
i ) 6⊂ ∂M
∗
0 for i =
1, . . . , ℓ.
Proof. Assume that there exist i ∈ {1, . . . , ℓ} and a connected component M∗0 of M
′
0 such that
ϕ′i({±1} ×D
2
i ) is contained in ∂M
∗
0 . Then the genus of ∂M
′
i is greater than 0. After attaching
1-handles, the genus of the boundary of the orbit space does not decrease. Thus the genus of
∂M ′ℓ is greater than 0. As Lemma 2, the genus of ∂M
′
ℓ is equal to 0. This is a contradiction. 
Let Mi and Ni be 4-dimensional manifolds such that Mi/S
1 = M ′i and Ni/S
1 = N ′i respec-
tively for i = 1, . . . , ℓ. Then Ni can be regarded as a 4-dimensional round 1-handle and Mi is a
manifold obtained from Mi−1 by attaching Ni for i = 1, . . . , ℓ. By Lemma 3, Ni connects two
connected components of M0. Note that Mℓ is diffeomorphic to D
4
ε ∩ F
−1
t (D
2
δ ).
3.2. The fiber surface of Ft : D
4
εt ∩ F
−1
t (∂D
2
δt
) → ∂D2δt . We consider the restricted Milnor
fibration Ft : D
4
ε ∩ F
−1
t (∂D
2
δt
)→ ∂D2δt and connected components of M0.
Lemma 4. Let S0 be the fiber surface of Ft : D
4
ε∩F
−1
t (∂D
2
δt
)→ ∂D2δt . Then S0 is diffeomorphic
to the disjoint union of the fiber surface of Ft |D4εt∩F
−1
t (∂D
2
δt
) and ℓ copies of an annulus, where
ℓ is the number of connected components of S1(Ft).
Proof. Let M00 ,M
1
0 , . . . ,M
k
0 denote the connected components of M0 such that o ∈ M
0
0 . Then
M00 ∩D
4
εt
6= ∅. The restricted map Ft : D
4
εt
∩ F−1t (D
2
δt
) → D2δt has a unique singularity at the
origin o of C2. By [10, Lemma 11.3], D4εt ∩ F
−1
t (∂D
2
δt
) is homeomorphic to ∂D4εt \ IntN(KFt),
where N(KFt) = {z ∈ ∂D
4
εt | |Ft(z)| ≤ δt}. So any fiber surface of Ft : D
4
εt ∩F
−1
t (∂D
2
δt
)→ ∂D2δt
is connected. The boundary of the orbit space (D4εt ∩M
0
0 )/S
1 is homeomorphic to a 2-sphere
and
M j0 ∩D
4
εt = ∅
for j = 1, . . . , k.
Let S00 be a fiber surface of Ft |M0
0
∩(D4εt∩F
−1
t (∂D
2
δt
)). We divide the surface S
0
0 as follows:
S00 = (S
0
0 ∩D
4
εt
) ∪ (S00 ∩ (D
4
ε \ IntD
4
εt
)).
Since Ft : (D
4
ε \ IntD
4
εt
)∩F−1t (D
2
δt
)→ D2δt has no singularities and F
−1
t (c) intersects ∂D
4
ε ⊔∂D
4
εt
transversely for any c ∈ D2δt , F
−1
t (c) ∩ (D
4
ε \ IntD
4
εt) is diffeomorphic to F
−1
t (0) ∩ (D
4
ε \ IntD
4
εt).
Note that F−1t (0) is an invariant set of the S
1-action and F−1t (0)/S
1 is a 1-dimensional algebraic
set. The orbit space F−1t (0)/S
1 is diffeomorphic to [0, 1]. Thus the connected component
of F−1t (c) ∩ (D
4
ε \ IntD
4
εt) is diffeomorphic to an annulus. So any connected component of
S00 ∩ (D
4
ε \ IntD
4
εt) is an annulus. Since any fiber of Ft intersects ∂D
4
εt transversely, S
0
0 ∩ ∂D
4
εt
consists of circles and S00 ∩ (D
4
ε \ IntD
4
εt) is diffeomorphic to (S
0
0 ∩ ∂D
4
εt)× [0, 1]. So we have
S00 = (S
0
0 ∩D
4
εt
) ∪ (S00 ∩ (D
4
ε \ IntD
4
εt
))
∼= (S00 ∩D
4
εt
) ∪ ((S00 ∩ ∂D
4
εt
)× [0, 1])
∼= S00 ∩D
4
εt
.
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We consider M j0 for j = 1, . . . , k. The restricted map Ft :M
j
0 → D
2
δt
has no singularities. For
any c ∈ D2δt \ {0} and j = 1, . . . , k, F
−1
t (c)∩M
j
0 is diffeomorphic to F
−1
t (0)∩M
j
0 . Since F
−1
t (0)
is an invariant set of the S1-action, the orbit space F−1t (0)/S
1 is a 1-dimensional algebraic set.
So F−1t (0)/S
1 is diffeomorphic to [0, 1] or S1. Assume that F−1t (0)/S
1 = S1. Then F−1t (c) is
a torus and the orbit space F−1t (c)/S
1 is also a torus. Since the boundary of M ′ℓ is a 2-sphere,
this is a contradiction. Let Sj0 denote the fiber surface of Ft |Mj
0
. Then Sj0/S
1 is diffeomorphic
to [0, 1] and the fiber surface Sj0 is diffeomorphic to an annulus for j = 1, . . . , k.
By Lemma 3, each Ni connects two connected components of M0. Since Mℓ is connected,
we have k + 1 − ℓ = 1. Thus the number of connected components of S0 other than that of
Ft : D
4
εt
∩ F−1t (∂D
2
δt
) is equal to ℓ. 
Lemma 5. The connected component M00 of M0 is diffeomorphic to a 4-ball and M
j
0 is diffeo-
morphic to S1 ×B3, where B3 is a 3-ball, for j = 1, . . . , ℓ.
Proof. The two fibrations Ft : D
4
εt
∩F−1t (∂D
2
δ′)→ ∂D
2
δ′ and Ft/|Ft| : ∂D
4
εt
\(∂D4εt∩F
−1
t (0))→ S
1
are isomorphic for any 0 < δ′ ≤ δt. Thus M
0
0 is diffeomorphic to a 4-ball.
The map Ft |Mj
0
has no singularities for j 6= 0. Then the fiber surface of Ft :M
j
0∩F
−1
t (∂D
2
δ′)→
∂D2δ′ is diffeomorphic to S
j
0 for 0 < δ
′ ≤ δt. Since the monodromy of Ft : M
j
0 ∩ F
−1
t (∂D
2
δ′) →
∂D2δ′ is given by the S
1-action, the orbit space (M j0 ∩ F
−1
t (D
2
δt
\ {0}))/S1 is homeomorphic to
(Sj0/S
1) × (0, 1]. By Lemma 4, Sj0/S
1 is also an annulus. We identify Sj0/S
1 with S1 × [0, 1].
Since S1 × (0, 1] is diffeomorphic to D2 \ {0}, (M j0 ∩ F
−1
t (D
2
δt
\ {0}))/S1 is homeomorphic to
D2× [0, 1] \ ({0}× [0, 1]), where D2 is a 2-disk centered at 0. Since F−1t (0) is an invariant set of
the S1-action, the orbit space of F−1t (0) is homeomorphic to {0} × [0, 1]. Thus the orbit space
of M j0 is homeomorphic to D
2 × [0, 1]. The manifold M j0 is diffeomorphic to S
1 ×B3. 
3.3. The number of connected components of S1(Ft). To complete the proof of Theorem 1,
it is enough to show the equality in Theorem 1 (ii). We set M˜0 = D
4
ε ∩ F
−1
t (∂D
2
δt
) and M˜i =
M˜i−1∪ϕi ∂Ni for i = 1, . . . , ℓ. Since Ft is polar weighted homogeneous, the monodromy of Ft |M˜i
is given by the S1-action on C2. By the condition (2), a fiber of |Ft| : N
′
i → R is as follows:
|Ft|
−1(|u|) ∩N ′i
∼=
{
two 2-disks 0 < ct,w − |u| ≪ 1
an annulus 0 < |u| − ct,w ≪ 1
.
Since the polar degree of Ft is equal to dp and Ni is a neighborhood of an orbit of the S
1-action,
a fiber of Ft : Ni → D
2
δ is a dp-fold cover over a fiber of |Ft|. Thus we have
F−1t (u) ∩Ni
∼=
{
(⊔
dp
j=1D
2
1,j) ⊔ (⊔
dp
j=1D
2
2,j) 0 < ct,w − |u| ≪ 1
⊔
dp
j=1Aj 0 < |u| − ct,w ≪ 1
,
where D2k,j is a 2-disk and Aj is an annulus for k = 1, 2 and j = 1, . . . , dp. By Lemma 3, we
may assume that ⊔
dp
j=1D
2
1,j is contained in a connected component of M0 which does not contain
⊔
dp
j=1D
2
2,j . Let Si be the fiber surface of Ft |M˜i for i = 0, 1, . . . , ℓ. Set A
′ = ⊔
dp
j=1Aj , ∂A
′ =
⊔
dp
j=1∂Aj and D
′
k = ⊔
dp
j=1D
2
k,j for k = 1, 2. Then Si is the surface obtained from Si−1 by
replacing D′1 ⊔D
′
2 by A
′. The Euler characteristic χ(Si) of Si is equal to χ(Si−1)− 2dp, where
dp is the polar degree of Ft for i = 1, . . . , ℓ. Thus we have
χ(Sℓ)− χ(S0) = −2ℓdp.
Lemma 6. Let ℓ be the number of connected components of S1(Ft). Then ℓ is equal to |L
+(P,o)|−
|L+(Ft,o)| and also to |L
−(P,o)| − |L−(Ft,o)|.
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Proof. Since the fibration Ft |M˜ℓ is isomorphic to P : D
4
ε ∩P
−1(∂D2δ )→ ∂D
2
δ and L(P,o) is the
Seifert link in ∂D4ε , we have
χ(Sℓ) = 1− {pq(m+ n)− p− q}(m− n),
where m = |L+(P,o)| and n = |L−(P,o)|, see [3, Theorem 11.1]. By Lemma 4, the fiber surface
S0 of Ft |M˜0 is diffeomorphic to S
0
0 ⊔ S
1
0 ⊔ · · · ⊔ S
k
0 and S
j
0 is an annulus for j 6= 0. The Euler
characteristic χ(S0) of S0 is equal to χ(S
0
0). Since the link L(Ft,o) is also the Seifert link in a
3-sphere, χ(S00) is given by
χ(S00) = 1− {pq(m
′ + n′)− p− q}(m′ − n′),
where m′ = |L+(Ft,o)| and n
′ = |L−(Ft,o)|. On the other hand, χ(Sℓ) is equal to χ(S0)− 2ℓdp.
The polar degree dp is equal to pq(m− n) and also to pq(m
′ − n′) [3]. Then we have
χ(Sℓ)− χ(S0) = −{pq(m+ n)− p− q}(m− n) + {pq(m
′ + n′)− p− q}(m′ − n′)
= −pq(m− n)(m+ n) + pq(m′ − n′)(m′ + n′)
= −dp{(m+ n)− (m
′ + n′)}
= −2ℓdp.
So 2ℓ is equal to m+ n− (m′ + n′). Since m−m′ is equal to n− n′, ℓ is equal to m−m′ and
also to n− n′. 
We give an example of Lemma 6 which is considered in [6].
Example 1. Set f(z) = zm1 + z
m
2 and g(z) = z1+2z2 where m ≥ 3. We consider a deformation
Ft = f(z)g(z) + t(z
m
1 z¯1 + z
m−1
1 + γz
m−1
2 ) of f(z)g(z) where γ ∈ C. In [6], we take a coefficient
γ of h(z) such that
γ 6=
−(2α′f(z, 1) −mg(z, 1))(mzz¯m−1r2 + (m− 1)z¯m−2 − α′zmr2)
(m− 1)(mz¯m−1g(z, 1) − α′f(z, 1))
where (zm + 1)(z + 2) = α′(zm + 1)(z + 2), α′ ∈ S1. Then S1(Ft) is the set of indefinite fold
singularities and the link S3ε ∩F
−1
t (0) is a (m− 1,m− 1)-torus link, where S
3
ε = {(z1, z2) ∈ C
2 |
|z1|
2 + |z2|
2 = ε}, ε≪ 1. By Lemma 6, the number of connected components of S1(Ft) is equal
to 1.
Proof of Theorem 1. By Lemma 3 and Lemma 5, D4ε ∩F
−1
t (D
2
δt
) consists of a 4-ball and ℓ-copies
of S1 × B3 and the image of the attaching map ϕi of i-th round 1-handle is contained in both
of the boundary of a 4-ball and that of S1 × B3 for i = 1, . . . , ℓ. By Lemma 6, the number of
connected components of S1(Ft) is equal to |L
−(P,o)| − |L−(Ft,o)|. 
4. Remarks
4.1. Monodromy and characteristic polynomials. Let h : S → S be a homeomorphism of
a surface S. We define
∆∗(h) =
∆1(h)
∆0(h)
,
where ∆i(h) is the characteristic polynomial of the homological map from Hi(S,Z) to itself
induced by h for i = 0, 1.
Let hi : Si → Si be the monodromy of Ft |M˜i for i = 1, . . . , ℓ. Since hi is given by the
S1-action on C2, hi : Si → Si satisfies the following conditions:
(I) hi(Si−1 \ (D
′
1 ⊔D
′
2)) = Si−1 \ (D
′
1 ⊔D
′
2) and hi |Si−1\(D′1⊔D′2)= hi−1 |Si−1\(D′1⊔D′2),
(II) hi |D′
k
and hi |A′ are periodic maps which satisfy D
2
k,j → D
2
k,j+1 and Aj → Aj+1
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for i = 1, . . . , ℓ, j = 1, . . . , dp and k = 1, 2. Here D
2
k,dp+1
= D2k,1 and Adp+1 = A1. We calculate
∆∗(hi) from ∆∗(hi−1) by using a round 1-handle Ni.
Lemma 7. Let Si be the fiber surface of Ft |M˜i and hi : Si → Si be the monodromy of Ft |M˜i
for i = 1, . . . , ℓ. Then the characteristic polynomial of hi satisfies
∆∗(hi) = ∆∗(hi−1)(t
dp − 1)2.
Proof. Since Si is the surface obtained from Si−1 by replacing D
′
1 ⊔ D
′
2 by A
′ and hi satisfies
the above properties, we have
∆∗(hi) =
∆∗
(
hi |Si−1\(D′1⊔D′2)
)
∆∗
(
hi |A′
)
∆∗
(
hi |∂A′
) .
By the condition (II), the monodromy matrices of H0(D
′
k,Z),Hi(A
′,Z) and Hi(∂A
′,Z) are equal
to 

0 1 0 . . . 0
0 0 1
. . .
...
...
. . .
. . .
. . .
...
0 . . . 0 0 1
1 0 . . . 0 0


for k = 1, 2 and i = 0, 1. The characteristic polynomial of the above matrix is equal to tdp − 1.
So ∆∗
(
hi |A′
)
and ∆∗
(
hi |∂A′
)
are equal to 1. As the condition (I), we have
∆∗
(
hi |Si−1\(D′1⊔D′2)
)
∆∗
(
hi−1 |D′
1
)
∆∗
(
hi−1 |D′
2
)
= ∆∗
(
hi−1
)
.
Thus the characteristic polynomial satisfies
∆∗(hi) = ∆∗
(
hi |Si−1\(D′1⊔D′2)
)
= ∆∗(hi−1)(t
dp − 1)2.

Since the two fibrations P : D4ε ∩ F
−1
t (∂D
2
δ ) → ∂D
2
δ and Ft : D
4
ε ∩ F
−1
0 (∂D
2
δ ) → ∂D
2
δ are
isomorphic, we have the following theorem.
Theorem 2. Let h be the monodromy of P : D4ε ∩ P
−1(∂D2δ ) → ∂D
2
δ . Then ∆∗(h) is equal to
∆∗(h0)(t
dp − 1)2ℓ, where ℓ is the number of connected components of S1(Ft).
Remark 1. The algebraic set P−1(0) ∩ ∂D4ε is a fibered Seifert link in the 3-sphere. Thus the
characteristic polynomial of the monodromy of the Milnor fibration of P at the origin can also
be calculated from the splice diagram [3].
4.2. A specific deformation of f g¯. We introduce a deformation of f g¯ given in [6], where f
and g are 2-variables convenient complex polynomials and fg has an isolated singularity at the
origin o. We define the C∗-action on C2 as follows:
c ◦ (z1, z2) := (c
qz1, c
pz2), c ∈ C
∗.
Assume that f(z) and g(z) satisfy
f(c ◦ z) = cpqmf(z), g(c ◦ z) = cpqng(z), m > n.
Then f(z) and g(z) are weighted homogeneous polynomials. Two complex polynomials f(z)
and g(z) can be written as
f(z) =
m∏
j=1
(zp1 + αjz
q
2), g(z) =
n∏
j=1
(zp1 + βjz
q
2), gcd(p, q) = 1,
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where αj 6= αj′ , βj 6= βj′ (j 6= j
′) and αk 6= βk′ for 1 ≤ k ≤ m and 1 ≤ k
′ ≤ n. The mixed
polynomial f(z)g(z) is a polar and radial weighted homogeneous polynomial, i.e., f(z)g(z)
satisfies that f(s ◦ z)g(s ◦ z) = spq(m−n)f(z)g(z) and f(r ◦ z)g(r ◦ z) = rpq(m+n)f(z)g(z), where
s ∈ S1 and r ∈ R∗ [14]. We define a deformation of f(z)g(z) as follows:
Ft(z) := f(z)g(z) + th(z),
where 0 < t≪ 1 and
h(z) =
{
γ1z
p(m−n)
1 + γ2z
q(m−n)
2 (g(z) 6= z1 + βz2),
zm1 z1 + z
m−1
1 + γz
m−1
2 (g(z) = z1 + βz2).
Then Ft(z) is also a polar weighted homogeneous polynomial with the polar degree pq(m− n).
By [6, Theorem 1], there exists h(z) such that Ft(z) satisfies the conditions (1), (2) and (3)
for 0 < t ≪ 1. The above deformation Ft of f g¯ satisfies that |L
−(Ft,o)| = 0. By Lemma 6,
the number ℓ of connected components of S1(Ft) is equal to n. Since the radial degree dr and
the polar degree dp are equal to pq(m + n) and pq(m − n) respectively, we have the following
proposition.
Proposition 1. Let Ft be the above deformation of f g¯. Then the number ℓ of connected com-
ponents of S1(Ft) is equal to
dr−dp
2pq , where dr is the radial degree of f g¯ and dp is the polar degree
of f g¯.
References
[1] D. Asimov, Round handles and non-singular Morse-Smale flows, Ann. Math. 102 (1975), 41–54.
[2] J. L. Cisneros-Molina, Join theorem for polar weighted homogeneous singularities, Singularities II, edited by
J. P. Brasselet, J. L. Cisneros-Molina, D. Massey, J. Seade and B. Teissier, Contemp, Math. 475, Amer.
Math. Soc., Providence, RI, 2008, 43–59.
[3] D. Eisenbud and W. Neumann, Three-Dimensional Link Theory and Invariants of Plane Curve Singularities,
Annals of Mathematics Studies 110, Princeton University Press, Princeton, N.J., 1985.
[4] K. Inaba, On the enhancement to the Milnor number of a class of mixed polynomials, J. Math. Soc. Japan.
66 (2014), 25–36.
[5] K. Inaba, On fibered links of singularities of polar weighted homogeneous mixed polynomials, Singularities in
Geometry and Topology 2011, Advanced Studies in Pure Mathematics 66, pp. 81–92, 2015.
[6] K. Inaba, On deformations of isolated singularities of polar weighted homogeneous mixed polynomials, Osaka
J. Math. 53 (2016), 813–842.
[7] A. Kas, On the handlebody decomposition associated to a Lefschetz fibration, Pacific J. Math. 89 (1980),
89–104.
[8] H. Levine, Elimination of cusps, Topology 3 (1965), 263–296.
[9] E.J.N. Looijenga, Isolated Singular Points on Complete Intersections, London Mathematical Society Lecture
Note Series 77, Cambridge University Press, Cambridge, 1970.
[10] J. Milnor, Singular points of complex hypersurfaces, Annales of Mathematics Studies 61, Princeton University
Press, Princeton, N.J., 1968.
[11] J W. Morgan, Non-singular Morse-Smale flows on 3-dimensional manifolds, Topology 18 (1978), 41–53.
[12] W. Neumann and L. Rudolph, Unfoldings in knot theory, Math. Ann. 278 (1987), 409–439.
[13] W. Neumann and L. Rudolph, Difference index of vectorfields and the enhanced Milnor number, Topology
29 (1990), 83–100.
[14] M. Oka, Topology of polar weighted homogeneous hypersurfaces, Kodai Math. J. 31 (2008), 163–182.
[15] M. Oka, Non-degenerate mixed functions, Kodai Math. J. 33 (2010), 1–62.
[16] M. A. S. Ruas, J. Seade and A. Verjovsky, On real singularities with a Milnor fibration, Trends Math., edited
by A. Libgober and M. Tiba˘r, Birkha¨user, Basel, 2003, 191–213.
[17] J. A. Wolf, Differentiable fibre spaces and mappings compatible with Riemannian metrics, Michigan Math. J.
11 (1964), 65–70.
Mathematical Institute, Tohoku University, Sendai 980-8578, Japan
E-mail address: sb0d02@math.tohoku.ac.jp
